INTRODUCTION
In 1989, Irwin proposed a method of converting a Dragt-Finn factorization1 of a Taylor map into kicks. 2 The minimized highest-order rotation bases are used as the bases for all orders, while Lagrange multipliers are employed to 1 eliminate the extra independent bases in order to obtain a unique solution, and 2 suppress the higher-order order higher than the order of the original Taylor map artificial terms. If the artificial terms can be suppressed enough and be negligible, then this method may be promising for fast long-term tracking. Therefore, an investigation was started right after Irwin's proposal to verify its applicability for the Superconducting Super Collider SSC long-term tracking. In order to enhance tracking speed, a semi-parameterization method was employed to parameterize the nonlinear part of the Dragt-Finn factorization map and, therefore, reduce from three dimensions to two dimensions for the kicks proposed by Irwin. To accomplish this, the oneturn Taylor map should not involve any RF cavity so that the off-momentum represented by the energy deviation 8 = E/E is kept invariant and is treated as a parameter. To update the off-momentum, simply track the particles over the RF cavities separately.
Let a closed-orbit Taylor map which can be extracted using Zmap3 for the SSC be extracted up to the Q order for a beam line from after an RF cavity to before the next RF cavity. The map can be expressed as follows we adapt the same notational convention as in ZLIB4 manual:
where the transpose of the coordinates are P1, y, Py] , and the transpose of the VTPS vector truncated power series is
Note that P1,P,, and P5 are the conjugate momenta of x,y, and 6, respectively. U5i = 8, that is, the off-momentum, 6, is an invariant since no RF cavity is involved for acceleration.
The nonlinear part of the map is dependent only on Z {x,P,y.P and 8, not on P5, as we have explicitly expressed Ufor /c > I as nonlinear VTPS of 1-= {.x, F1, y, F',, 6. Furthermore, each of the constant terms in U, i = 1.2,.
. . , 6 is 0.
BLOCK DIAGONALIZATION OF M
Before the nonlinear Dragt-Finn factorization can be performed, block diagonaliza tion and similarity transformation are necessary such that the transformed map is seminormalized in the linear part. In order to parameterize the nonlinear Dragt-Finn gener ators, the transformed nonlinear part of the map should be independent of F5, and the transformed Ui should be 0 for k = 2, Q. In this section, we describe the method we used to accomplish this. 
The form of the matrix MR, which has already been decoupled between the transverse coordinates and the longitudinal coordinates, guarantees that an additional transformation by operating Mj on the map would not destroy the two requirements S is an invariant and non-linear part of the map and is independent of F5 for pararneterizing the nonlinear The "+"
DRAGT-FINN FACTORIZATION
emphasizes that the third dimension, 5, although it appears, has no effect in determining the rotation bases.
KICK FACTORIZATION OF THE SECOND-ORDER DRAGT-FINN FACTOR
The task is to find gi+, Note that the third dimension, 5, is a common factor on both sides of the "=" sign, so it has been taken out of the equation. Therefore we have exactly the same equation as
Irwin's except an extra superscript, "a", appears for
/3in0
and a,mO to indicate that there are more coefficients than with a non-parameterized case. 
that is, the kick factorization for the 2nd order Lie factor is finished. Since Uk is independent of conjugate momentums P1,P,P5, to advance the momentum we simply have 
KICK FACTORIZATION OF 3RD-ORDER DRAGT-FINN FACTOR

